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Abstract—Distribution System Operators must ensure safe
operation of the Low Voltage distribution grid in the face
of upcoming challenges posed by new assets (e.g. photovoltaic
panels, electric vehicles) and new activities (e.g. energy sharing,
frequency reserves). This task is further complicated by the fact
that end-users may be unevenly connected to the phases without
Distribution System Operators being aware of it. This can lead to
unexpected voltage or current congestions. This paper presents
an innovative method, a relaxed unbalanced three-phase optimal
power flow, to compute the maximum day-ahead flexibility per
end-user that can be unlocked while ensuring safe use of the low
voltage grid, i.e. the operating envelope. Additionally, the paper
shows results that controlling reactive power on the LV network
could not increase flexibility potential and counteract imbalances
caused by unevenly distributed phase connections.

Index Terms—Operating Envelope, relaxed three-phases unbal-
anced optimal power flow, uneven distributed phase connections,
low voltage flexibility

I. INTRODUCTION

Distribution System Operators (DSOs) are facing upcoming
challenges to ensure safe operation of the Low Voltage (LV)
distribution grid. New assets such as photovoltaic panels (PV),
heat pumps (HP) and electric vehicles (EV) are increasingly
being installed, as well as new activities becoming available
for LV assets, such as frequency reserves and energy sharing.
Ensuring safe use of the grid is made more difficult by the fact
that DSOs do not know which phase end-users are connected
to, and phase connections can be highly unevenly distributed.
This can lead to unexpected voltage or current congestions.
When there is a congestion risk, DSOs need to define the
maximum flexibility that can be unlocked by LV end-users
while guaranteeing safe use of the grid by computing the day-
ahead Operating Envelope (OE). In that context, the OE is
defined as the maximum and minimum power available per
end user while guaranteeing the absence of congestion (current
and voltage) on the LV distribution grid.

To provide some background, OE principle is defined in
2009 in [1].The paper aimed to characterize the flexibility
needed to include wind turbine generation in the California
grid. Makarov’s team publishes two years later a new paper
considering load uncertainty in the model [2].
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Later, [3] presented a method for assessing the available
operational flexibility of a power system, compared to the
previous concept of needed flexibility. This available flexibility
is defined as the maximum technical capability of a single
power system unit to modulate power and energy into the grid.
The grid is considered as a copper plate and hence, internal
constraints are not yet taken into account. For the LV loads
and generators, five household appliances are considered and
modeled in [4]: washing machines, tumble dryers, dishwash-
ers, domestic boilers and EV.

The OE for power system is formally defined in [5]. The
paper began with a state of the art on the principle of flexibility.
It defined the flexibility at a certain time as the possible
capacity of the system to provide flexible power for the next
time steps. Flexibility is therefore represented in the form of
a cone or an OE in a plan power versus time.

The OE concept is then used to ensure that load control
does not exceed grid constraints. For example, [6] considered
a building with PV, EV, thermal energy storage and HP
and presents four strategies for controlling these LV loads
and generators. An OE is then computed for each hourly
electrical set point to assess the impact on the distribution
grid constraints.

New methods are then used to compute the OE to reduce
computation time, e.g. through probabilistic approach in [7]
or through data-driven approach in [8]. The flexibility envelop
concept is also applied on the distribution network in [9]. More
recently, the OE is used to study the impacts of reconfiguration
on the distribution network [10].

More recently, [11] performed a phase voltage sensitivity
analysis of an unbalanced distribution network. The results
concluded that congestion can occur even when all customers
are within the limits of the single line OE and hence, imbal-
ances cannot be neglected. In that context, [12] studied the
calculation of OE for the integration of DER in unbalanced
distribution networks. This is all the more relevant since today
DSOs do not necessarily know to which phase end-users
are connected and strong imbalances can be unexpectedly
observed on the LV distribution network. Nevertheless, this pa-
per considered only linearization to implement an unbalanced
three-phases optimal power flow (UTOPF) for computing OE.

This paper complements the literature by presenting a



tractable and relaxed UTOPF with second-order conic relax-
ation. In addition, a case study with high imbalances highlights
the impact of phase connection on the OE.

The remainder of the paper is organized as follows: Section
II presents the relaxed and tractable UTOPF with SOCP
relaxation, Section III presents the case study considering
strong phase imbalances, Section IV presents the results and
discussions and the last section ends with the conclusion.

II. METHODOLOGY TO COMPUTE OE

A. Focus on relaxed UTOPF on BFM with SOCP relaxation

The methodology used to compute OE in this paper is
an UTOPF. In general, the power flow equations used as
constraints are quadratic non-convex. Therefore, tractability
and time computation represent challenges. Several methods
exist in the literature to convexify OPF equations [13]: approx-
imation methods [14], machine learning methods, as presented
in the introduction, but also relaxation methods [15].

Approximation and relaxation approaches are compared for
multiphase distribution grid in [16]. The case studies presented
in the paper prove that convex relaxation is numerically
exact, while the linearized approximation using the Lindistflow
model leads to low accuracy when imbalances are high.
Because this paper aims to study a situation with strong
imbalances, a relaxation method is preferred to a linearization
method.

Regarding relaxation methods in general for OPF, paper
[15] compares three convex relaxation methods: semi-definite
(SDP), chordal (CP) and second-order cone (SOCP) relax-
ations. The exactness of these relaxations is discussed in [17]
and more specifically for branching flow models in [18] and
[19]. It is proven that for a radial network, SOCP relaxation
should always be preferred because the solution is exact and
it is the tightest and simplest relaxation of the three (SOCP,
CP and SDP) [17].

Finally, PF equations can be modeled through Bus Injection
Model (BIM) or Branch Flow Model (BFM). Branch Flow
Model (BFM) is to be preferred to Bus Injection Model (BIM)
because it is numerically more stable [15].

This paper therefore focuses on a relaxed UTOPF on BFM
with SOCP relaxation.

B. Problem formulation

The real and imaginary parts must be considered separately
for implementation purposes. The UTOPF equations with
SOCP relaxations are inspired from paper [20] where shunt
currents are neglected and the reduced serie impedance matrix
presented in [21] is implemented. The notation considered is
clarified in Table I.

Sets - Four sets are considered and represented in Table II).
Note that for radial networks, {B} = {N}+ 1.

Variables - Four lifted complex variables are defined for
the problem and therefore eight variables in the real domain
(see Table III).

TABLE I
TYPOGRAPHY AND MATHEMATICAL NOTATION

Rn×m set of real n×m matrices
Cn×m set of complex n×m matrices
Hn ∈ Cn×n set of Hermitian n× n matrices
X∗ Conjugate of X
X⊺ Transpose of X
◦ Element-wise multiplication
diag(X) Extract diagonal of X, diag: Cn×n → Cn×1

⪰ Semi-definite positive operator

TABLE II
SETS AND INDICES

Phases p, q ∈ P = {a, b, c}
Branches n ∈ N
Busses b ∈ B
End-users c ∈ C ⊂ B

As an example, the lifted variable for the voltage satisfies
the following equations. Lifted currents satisfy similar equa-
tions that are not described in this paper.

Wb = W re
b + jW im

b = Ub(Ub)
H , (1)

Wb ⪰ 0, rank(Wb) = 1. (2)

The structure of Wb as a real-valued matrix in rectangular
coordinates is expressed as Equation (3). Note that 9 unique
scalar variables are required.

Wb =

W re
b,aa W re

b,ab W re
b,ac

W re
b,ab W re

b,bb W re
b,bc

W re
b,ac W re

b,bc W re
b,cc

+j

 0 W im
b,ab W im

b,ac

−W im
b,ab 0 W im

b,bc

−W im
b,ac −W im

b,bc 0


(3)

It is important to note that the variables are not the voltage,
current and power phasors, but the outer product of voltage
phasors Wb = vb ∗ vHb , current phasors Ln = in ∗ iHn and then
Sn = vn ∗ iHn , where H denotes the Hermitian matrix. Indeed,
this paper considers lifted variables with higher dimension to
linearize some of the constraints. Nevertheless, to guarantee
that a solution to the original problem can be recovered, two
types of constraints need to be added: the positive semidefinite
constraint and the rank-1 constraint.

Parameters - Parameters are listed in table IV. One im-
portant parameter is the series impedance matrix zn which
characterizes the self and mutual impedance between the

TABLE III
LIFTED OPTIMIZATION VARIABLES

Complex domain Real domain
Power branch (W) Sn ∈ C|P|×|P| Pn, Qn ∈ R|P|×|P|

Power busses (W) sb ∈ C|P|×1 pb, qb ∈ R|P|×1

Branch current product (A2) Ln ∈ C|P|×|P| LRe
n , LIm

n ∈ H|P|×|P|

Bus voltage product (V 2) Wb ∈ C|P|×|P| WRe
b ,W Im

b ∈ H|P|×|P|



TABLE IV
PARAMETERS

Bus voltage magnitude min./max. (V) Umin
b , Umax

b ∈ R|P|×1

Branch current rating (A) Iampacity
n ∈ R|P|×1

Branch apparent power rating (VA) Srate
n ∈ R|P|×1

Branch series impedance (Ω) zn ∈ R|P|×|P|

End-user active power bound (W) Pmin
c , Pmax

c ∈ R|P|×1

End-user reactive power bound (var) Qmin
c , Qmax

c ∈ R|P|×1

cables within the feeder. The reduced model presented in [21]
is considered for this paper.

Constraints - Constraints are expressed hereafter:

Wn = Wπn
+ ZnLnZ

H
n − SnZ

H
n − ZnS

H
n (4)

dg(Sn − ZnLn) + sn =
∑

k:n→k

dg(Sk) (5)

M =

[
Wπn Sn

S∗
n Ln

]
⪰ 0 (6)

0 ≤ diag(Sn) ◦ diag(Sn)
∗ ≤ Srate

n ◦ Srate
n (7)

Pmin
c ≤ pc − pc,conso ≤ Pmax

c (8)

Qmin
c ≤ qc − qc,conso ≤ Qmax

c (9)

Umin
b ◦ Umin

b ≤ diag(W re
b ) ≤ Umax

b ◦ Umax
b (10)

−Umax
b (Umax

b )⊺ ≤ W re
b ,W im

b ≤ Umax
b (Umax

b )⊺ (11)

Imin
n ◦ Imin

n ≤ diag(Lre
n ) ≤ Imax

n ◦ Imax
n (12)

−Imax
n (Imax

n )⊺ ≤ Lre
n , Lim

n ≤ Imax
n (Imax

n )⊺ (13)

Ohm’s law and power balance equations are defined re-
spectively in Equation (4) and Equation (5), expressed in the
complex domain. Note that these constraints only apply on the
diagonal elements.

An additional auxiliary constraint is considered to constrain
lifted voltages, lifted currents and power branches in Equation
(6). This additional constraint comes from lifting the variables
to guarantee to recover a solution to the original problem. Note
that only the PSD constraint is considered, because the rank-1
constraint, that is non-convex, is removed due to the SOCP
relaxation.

Finally, injection constraints are added to the problem with
Equations (7), (8) and (9) and network constraints respectively
for voltage limits, with Equations (10) and (11), and current
limits, with Equations (12) and (13).

Fig. 1. Reduced IEEE European LV Testfeeder with phase connection

III. CASE STUDY

This section first presents the benchmark grid studied, then
the objective function implemented and finally presents the
end-users load profiles.

A. Grid and phase connection

The reduced IEEE European LV Testfeeder is selected for
the case study [22]. This grid is represented in Fig. 1 with 55
end-users and their initial phase connections. Each end-user
is connected to the grid with a maximum power capacity (in
this case: ±9.2kV A for a monophase 40A). In the results, a
worst-case is considered with all end-users connected to the
same phase, in order to highlight the worst and unrealistic
unbalance case. Although it is unlikely that all end-users
will be connected to the same feeder, DSOs currently do not
necessarily know which phase the end user is connected to
and unexpected imbalances can arise.

B. Objective function

A single objective function is implemented to focus on this
paper objectives. The objective function optimizes the sum
of active powers per household, minus losses to ensure the
existence of an exact solution. This objective function should
maximize the available flexibility, but it will be heteroge-
neously distributed among end-users. To compute the upper
and lower flexibility envelopes, the objective function switches
from maximization to minimization.

max
∑
i∈C

pi,ϕ − λ
∑
n∈N

diag(rnL
Re
n ) (14)

C. End-users load profile

The load profiles, active and reactive power, considered in
this paper are deterministic and come from the benchmark
grid for a specific moment in the time series (12:00). This
paper does not aim to further refine the calculation of load
profiles. However, two assumptions are considered for the
reactive power of the OE: the reactive power per end user
can either remain variable or be constrained to a fixed power
factor (here, PF = 1, as analyzed from real grid data in [23]).



D. Implementation

The problem is implemented in python, using the cvxpy
software-based optimization language and the MOSEK solver.
This choice is mainly motivated by the need for the software
and the solver to support the SDP constraint.

IV. RESULTS AND DISCUSSION

In this paper, the maximum (minimum) power available on
the feeder is calculated by summing the maximum (minimum)
power of each end user. Active power set points constitute
the OE and are computed for each end-user for the four case
studies. Fig. 3 shows the upper and lower OE for each end-
user when the PF can vary. In this situation, the reactive power
is considered a variable and is only limited by the maximum
current that can be yield through the injection connection. The
blue curve (OE1) represents the initial scenario in which end-
users are located on different phases, and the green curve
(OE2) represents the scenario in which all end-users are
located on the same phase. The comparison between OE1
and OE2 shows that connecting all end users to the same
phase results in a reduction of the OE. Fig. 4 similarly
shows two upper and lower OE (OE3 and OE4) and shows
that connecting all end users to the same feeder reduces the
available flexibility. The difference between the two figures
is that in the second figure the PF is fixed. By summing the
maximum (minimum) power value for all end-users connected
to the feeder, these figures show that for OE1, the maximum
active power available on the LV feeder is 446 kW and the
minimum power is -384.2 kW, for OE2, 159.06 kW and -
151.18 kW, for OE3 445.98 kW and -384.11 kW, and for
OE4 159.06 kW and -151.18 kW.

The statistical data for each OE are summarized in Fig.
2 where OE1 represents the initial case study with variable
PF, OE2 where all end-users are on the same phase with
variable PF. OE3 and OE4 are both for fixed PF and represent
respectively the initial situation and the situation where all
end-users are on the same feeder.

The typology of the grid as well as phase connections
influence the results. Indeed, when looking at the end of the
feeder for the longest branch (on the left right of the Fig. 1),
end-users 52 and 55 on phase A and 50 and 53 on phase
B corresponds to the most constrained end-users in OE1 and
OE3. End-user 51 seems to be an exception, which is related
to the length of the cable connecting the end-user to the grid.
Indeed, end-user 51 is connected with a 3.2 m cable to the
grid, whereas end-user 54 is connected with an 8 m cable.
When considering strong imbalances, end-users closer to the
substation also access more flexibility than end-users located
to the end of the feeder. Hence, the further end-users are
located from the substation and the more loaded the phase,
the more constrained the end-users are.

This paper also presents the influence of controlling reactive
power on the OE. Indeed, today, if an end-user injects or
consumes, it is likely that it will involve electronic equipment
(e.g. inverters for PV, EV, domestic batteries) that has the
possibility of modifying the reactive power command. The

results show that if the PF is set to a fixed value and end-users
are connected evenly among phases, when comparing OE1
and OE3, the magnitude of available flexibility is similar than
when PF can vary. Similarly, when comparing OE2 and OE4,
available flexibility is not influenced by reactive power control.
Therefore, reactive power control cannot increase flexibility
envelope or compensating for strong imbalances.

A final result to be discussed is the computation time to
obtain the result for a single upper or lower OE. The relaxed
UTOPF with SOCP relaxation implemented on python runs
between 31 and 36 seconds, for this grid with 55 end-users.
If the tool is to be applied for a full distribution network,
with millions of end-users, and the computation time scales
proportionally to the number of end-users, this tool is not
relevant to be used for intra-day operations. Indeed, for these
applications, results must be obtained within 15 or 30 minutes.
However, the relaxed UTOPF with SOCP relaxation could be
used for static or day-ahead applications where several hours
is an acceptable time frame to obtain results.

V. CONCLUSION

In conclusion, this paper first presents a relaxed UTOPF
with SOCP relaxation on a LV distribution network for day-
ahead applications. Furthermore, this paper presents the effect
of strong imbalances and of controlling reactive power on
OEs. This shows that strong imbalances reduce the OE and
that controlling reactive power on the LV network could not
increase flexibility potential and counteract imbalances.

Further work could consider the stochasticity of end-user
load profiles to obtain a more realistic OE, as well as the
probability that an end-user is connected to a specific phase, as
DSOs do not necessarily have this information. Other objective
functions could also be considered, to better understand the
principle of fairness for example (such as ensuring that all
end-users have access to the same power).
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